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Abstract
This paper elucidates the anomalous decay of the muon ascribed to extended waves. Due to
a large overlap of the parent and daughters, the transition amplitude and probability for the
neutrinos are modified from the standard formula. A rigorous probability from the von Neumann’s
fundamental principle of the quantum mechanics at a large time interval T is, P = TΓ + P (d),
where Γ is derived from the Fermi’s golden rule, and P (d) is a correction term. A new term P (d)
has origins in the overlapping waves, and influences the determinations of physical parameters.
By including P (d), short-baseline neutrino experiments with LSND, KARMEN, and MiniBooNE
become consistent each other and with the solar, long-baseline, and reactor experiments within the
three neutrinos. Byproduct is that the absolute neutrino mass of the neutrinos can be measured.
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I. INTRODUCTION
The muon decays
µ− → e− + ν¯e + νµ, (1)
µ+ → e+ + νe + ν¯µ,
are fundamental processes described by the interaction Lint = GF√2Jρ(µ, x)Jρ(e, x)
†, where
GF is the Fermi coupling constant and Jρ(l, x) is the V − A current of the charged lepton
and the neutrino. The observed electron spectrum is in accord with the theoretical spectrum
computed with the Fermi’s golden rule precisely. It is expected that the neutrino spectrum
would be consistent with the golden rule [1–3].
The decay is described by a many-body wavefunction, |Ψ(t)〉, which is a solution of
the time-dependent Schro¨dinger equation with the Hamiltonian H0 +Hint, where H0 is the
free part and Hint = −
∫
d~xLint. That is initially at a time t = 0 a one-muon state and
develops a three-lepton component at later times. The state at a large t normally satisfies
〈Ψ(t)|Hint|Ψ(t)〉 = 0, which represents free independent particles; we call this region a
particle zone. A left figure in Fig.1 shows the waves in the particle zone. Using the transition
probability P (T ) at t = T , which is defined with a square of the inner product of the
states from the von Neumann’s fundamental principle of the quantum mechanics (FQM) for
normalized states, the average probability per unit of time Γ = P (T )−P (T0)
T−T0 between a large
T and a small T0 is determined by the Fermi’s golden rule[1–3] for P (T )≪ 1. Now, states
of 〈Ψ(t)|Hint|Ψ(t)〉 6= 0 shown in a right figure of Fig.1 also exist and give an independent
contribution to the probability at T0. These represent interacting waves; we call this region
a wave zone. Thus
P (T ) = P (T0) + Γ(T − T0) (2)
[4–7]. The neutrino in the muon decay is one of the cleanest systems that reveal intriguing
properties of the wave zone, which is studied in the present paper.
Neutrino oscillation experiments disclosed the neutrino’s masses and mixing angles. The
values obtained with single-particle formula in long-distance region are consistent with
each other [8], and the mass-squared differences of the neutrinos ∆m2ij = m
2
νi
− m2νj are
(7.53± 0.18)× 10−5 eV2/c4 and (2.44± 0.06)× 10−3 eV2/c4 (normal hierarchy) or (2.51±
0.06)× 10−3 eV2/c4 (inverted). The formula gives negligible effect in short distance regions.
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FIG. 1. Wavefunction of a two-body decay of a particle at rest in a configuration space at T in the
particle zone (left) and in the wave zone (right). The shadow areas show the regions of the waves.
In the particle zone, the states do not overlap and behave like particles. In the wave zone, they
overlap and behave like interacting waves.
Nevertheless, signals have been found in experiments of LSND and MiniBooNE and fitted
with much higher mass, but not in KARMEN. The discrepancy may be a signal beyond the
standard model. Sterile neutrino is one of interesting possibilities and projects for its search
are under ways. In these analyses, the neutrino in the particle zone were assumed. If neu-
trinos in the wave zone participate in the short-distance region, the oscillation formula will
be modified. That could be related with the existing discrepancy, and deserves of intensive
study.
In the transitions at the particle zone, the final waves separate quickly and the state
is described by a stationary state of lim
t→±∞
〈Ψ(t)|Hint|Ψ(t)〉 = 0 [9–11]. They are described
by a standard method of field theory, an S-matrix, S[∞] with an interaction Hamiltonian
e−ǫ|t|Hint, in which the limit ǫ → 0 is taken at the end of the calculation. The interaction
switches off adiabatically (ASI) and lim
t→±∞
〈Ψo(t)|e−ǫ|t|Hint|Ψi(t)〉 = 0 holds for arbitrary
states |Ψi(t)〉 and |Ψo(t)〉. The probability proportional to the time interval T , ΓT , is
derived. The neutrino spectrum is given by the single-particle formula.
The states of 〈Ψ(t)|Hint|Ψ(t)〉 6= 0 at large t are not described by ASI [12], and the
transition probability from these states is not included in that of the golden rule or of S[∞].
The probability computed with FQM [4–7] includes both, and is expressed in the two-body
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decays as
P (T ) = TΓ + P (d). (3)
Here Γ agrees with that of the golden rule. From Eq.(2), P (d) given by P (d) = P (T0)− ΓT0
shows a rapid transition of the extended waves at a small time. This is characterized by the
angular velocity of the non-stationary neutrino at a position traveling with the speed of light
ω = Eν(~p)−cp
~
, where ~ = h
2π
and h is the Planck constant, ~p, Eν(~p ) =
√
p2c2 +m2νc
4, m, and
c are the momentum, energy, mass, and the speed of light, and p = |~p |. This ω corresponds
to a length Lc =
c
ω
in the configuration space. Lc is twice of the product of the neutrino’s
Compton wavelength with the boost factor Eν(~p )
mνc2
, and much longer than the typical size of
the stationary wave, de Broglie wavelength ~
p
. Accordingly P (d) is large compared with ΓT0
in the neutrino, but is small in the electron. The flavor-changing probability is modified
from the single-particle formula.
The time-dependent Schro¨dinger equation which describes the muon decay is
i~
∂
∂t
|Ψ(t)〉 = H|Ψ(t)〉 = (H0 +Hint) |Ψ(t)〉, (4)
H0 =
∫
d~x
∑
l=e,µ
(
l¯(x)
(
~α · ~∇+ βml
)
l(x) + ν¯l(x)
(
~α · ~∇+ βmνl
)
νl(x)
)
,
Hint =
GF√
2
∫
d~x (µ¯(x)γρ (1− γ5) νµ(x)) γρ (e¯(x) (1− γ5) νe(x))† ,
for a case of no-mixing, and solved easily in the lowest order of GF . For a muon of the
lifetime τµ with average momentum ~pµ and the range in space covered by the wavefunction
σµ in the initial state, a normalized solution |Ψ(t), ~pµ〉 is
|Ψ(t), ~pµ 〉 = a0(t)|~pµ; σµ〉+
∫
d~ped~pνed~pνµa1(t, ~pe, ~pνe, ~pνµ)|~pe, ~pνe, ~pνµ〉+O(G2F ), (5)
a0(t) =
(
1
1 + ζ(t)
)1/2
e
−iEµ
~
t− t
2τµ ,
a1(t, ~pe, ~pνe, ~pνµ) =
(
1
1 + ζ(t)
)1/2
e−i
Eµ
~
t e
−i∆E
~
t − e− t2τµ
∆E + i ~
2τµ
〈~pe, ~pνe, ~pνµ|Hint|~pµ; σµ〉,
where ∆E = Ee + Eνe + Eνµ − Eµ. The coefficients satisfy a0(0) = 1, a1(0, ~pe, ~pνe, ~pνµ) = 0.
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Using the matrix element given later,
(1− e− tτµ ) =
∫
∆E≈0
d~ped~pνed~pνµ
∣∣∣∣∣e
−i∆E
~
t − e− t2τµ
∆E + i ~
2τµ
〈~pe, ~pνe, ~pνµ|Hint|~pµ, σµ〉
∣∣∣∣∣
2
, (6)
ζ(t) =
∫
∆E 6=0
d~ped~pνed~pνµ
∣∣∣∣∣e
−i∆E
~
t − e− t2τµ
∆E + i ~
2τµ
〈~pe, ~pνe, ~pνµ|Hint|~pµ, σµ〉
∣∣∣∣∣
2
, (7)
where Eq.(7) is evaluated at a small t
τµ
. τµ in Eq.(6) and ζ(t) in Eq.(7) signify the asymptotic
behavior ascribed to the wavefunction in the particle zone and in the wave zone respectively.
The right-hand side of Eq.(6) varies slowly with t, and the right-hand side of Eq.(7) increases
rapidly at a small t and becomes constant at later times. Ignoring the rapid change,
ζ(0) = 0, ζ(t) = ζ < 1(t > 0), (8)
where ζ is a constant. Norm of |Ψ(t), ~pµ〉 is the sum of the integrals over the momenta in
∆E ≈ 0 and ∆E 6= 0,
〈Ψ(t), ~pµ|Ψ(t), ~pµ〉 = 1
1 + ζ(t)
e
− t
τµ +
1
1 + ζ(t)
(1− e− tτµ ) + ζ(t)
1 + ζ(t)
, (9)
where the first term in the right-hand side shows the norm of the muon, the second term
shows that of the three leptons of ∆E ≈ 0, and the third one shows these of ∆E 6= 0. A
component of ∆E ≈ 0 results to Γ = 1
τµ
, and that of ∆E 6= 0 results to ζ(t). The muon
number decreases rapidly at a short time from ζ(t).
For t≫ τµ, |a0(t)| = 0,
a1(t) =
(
1
1 + ζ
)1/2
e−i
Eµ
~
t e
−i∆E
~
t
∆E + i ~
2τµ
〈~pe, ~pνe, ~pνµ|Hint|~pµ, σµ〉, (10)
and
〈Ψ(t), ~pµ |Ψ(t), ~pµ 〉 = 1
1 + ζ
(1 + ζ) = 1 (11)
δE2 = 〈Ψ(t)|(i~ ∂
∂t
−Eµ)2|Ψ(t)〉 = 〈Ψ(t)|H2int|Ψ(t)〉 (12)
≥ 〈Ψ(t)|Hint|Ψ(t)〉〈Ψ(t)|Hint|Ψ(t)〉 = ζ2.
ζ 6= 0 leads δE2 6= 0. Thus |Ψ(∞)〉 includes the states of the wave zone.
Substituting t
τµ
≪ 1 to Eqs.(6) and (7), Γ = 1
τµ
and ζ = P (d) are expressed with the
integrals in the right-hand sides. The former is equivalent to the Weisskopf-Wigner formula.
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In Eq.(7), the upper limit is ∆E =∞. The states of ∆E →∞ are characterized by Lorentz
invariant spectrum, and lead a universal form to P (d). That is independent of the particle’s
spin and evaluated for a scalar neutrino first. Writing the interaction Hamiltonian in the form∫
d3xJ(x)ν(x) with the neutrino ν(x) and a product of the parent |P〉 and other daughters
|D〉 J(x), the amplitude that the neutrino of the momentum pν is detected is proportional
to 〈pν ,D|
∫
d4xJ(x)ν(x)|P〉. The probability is proportional to ∫ d4xd4y∆J(x−y)∆ν(x−y),
where ∆J(x − y) =
∑
D〈P|J†(y)|D〉〈D|J(x)|P〉 is a source correlation function in the state
of the parent |P〉 summed over |D〉, and ∆ν(x − y; pν) = 〈pν |ν(x)ν†(y)|pν〉 is the neutrino
propagator. ∆J(x−y) has a singular and long-range component and a short-range one. The
former one comes from the states of ED → ∞ and is of the form ∆J(x − y) ≈ δ((x− y)2).
Substituting this term,
∆J (x− y)∆ν(x− y) = ei(E(~pν )−c|~pν | cos θ)(x0−y0)/~δ((x− y)2), (13)
where θ is the angle between ~pν and ~x− ~y, and E(~pν ) =
√
~p 2ν c
2 +m2νc
4, which becomes at
θ = 0,
eiω(x
0−y0)δ((x− y)2), ω = E(~pν)− cpν
~
. (14)
The phase varies extremely slowly over the region l ≤ Lc,
Lc =
c
ω
=
~
mνc
× 2E(~pν)
mνc2
. (15)
Thus in the extreme forward direction, θ = 0, the wavefunction has an extremely long
correlation, and the integrand Eq.(13) varies with x0 − y0 extremely slowly. The integral
over x and y gets an extra contribution from large |x0 − y0| region. A calculation showed
that the probability P (d) is proportional to the range in space covered by the wavefunction
σν ,
P (d) = σν
~E(~pν)
m2νc
3
× (numerical factor). (16)
The length Lc and
√
σν are much longer than the de Broglie wavelength. Lc is 2 × 102
meter for E = 10 MeV and mνc
2 = 10−1 eV, and its ratio over the de Broglie wavelength
is roughly ( E
mνc2
)2 = 1016. Accordingly, a frequency of the events determined by Eq.(16)
is high. These are characteristic features of the interacting quantum waves in the wave
zone. Lc is slightly smaller than the muon mean free length cτµ, and a delicate competition
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between this diffraction and the decay gives a sensitive signal to the absolute neutrino mass.
The long-range correlation similar to the EPR correlation [13, 14] appears and gives P (d).
Rigorous calculation is made later using the S-matrix S[T ] defined with the normalized
functions of satisfying the boundary conditions at T based on FQM. The transition proba-
bility at T , P (T ), is computed without facing difficulty mentioned in [12]. S[T ] is formulated
with the Møller operator, and wave packets localized in space, [4–7, 15]. LSZ formula
lim
t→−T/2
〈α|φf(t)|β〉 = 〈α|φfin|β〉, (17)
lim
t→+T/2
〈α|φf(t)|β〉 = 〈α|φfout|β〉,
are applied, where φin(x) and φout(x) satisfy the free wave equation, and φ
f(t), φfin(t), and
φfout(t) are the expansion coefficients of φ(x), φin(x), and φout(x), with the normalized wave
functions f(x) of the form
φf(t) = i
∫
d3xf ∗(~x, t)
←→
∂0 φ(~x, t). (18)
It is noticed that a complete set of the normalized functions includes those that are specified
by their centers in momentum space and in configuration space [15, 17].
P (d) has the origin in the long-range component of the wavefunction that depends on
the initial and final states, and causes the rapid transition in short times. That shows
unique properties. Because P (d) depends on the absolute mass, that of the neutrino is much
larger than that of the electron, and the neutrino flavor change distinct from the standard
oscillation may arise in the short-distance regions. P (d) may be directly connected with the
inconsistency among previous experiments within three neutrino flavor.
The absolute neutrino masses are unknown now. One of existing methods is to study
tritium beta decay, but the existing upper bound for the effective electron-neutrino mass-
squared difference is approximately 2 eV2/c4 [18]. From cosmology, the bounds for a sum
of masses are 0.44 eV/c2 [19, 20] and 0.23 eV/c2 [21]. They are important in structure for-
mations in cosmology. They may be determined by precision experiments in short-distance
regions.
The present paper analyzes the neutrino properties in the wave zone in detail including
the mixing effects, and is organized in the following manner. In Sec. 2, the transition
amplitudes and probability of the muon decay processes including the overlap effects are
derived. In Sec. 3, its implications in the neutrino experiments are presented. Summary is
given in Sec. 4.
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µ−
ν¯e p+
σν
L
cT
e+
n
Tµ
Tν¯e
cTD
FIG. 2. The geometry of the µ− decay at rest is shown. In real experiments, a detector with a
length of cTD is located away from the decay region. However, in Sec. 3 we study a case where a
detector is located in front of the decay region, i.e., L = 0, for simplicity.
II. THE TRANSITION AMPLITUDE AND PROBABILITY
The normalized functions in configuration space in Eqs. (17) and (18) for outgoing states
represent microscopic states that an outgoing state interactes with [4]. For the processes
that the neutrinos are detected, they represent nucleus or atom bound in solid, which have
almost uniform density and decrease smoothly toward the edge. They are approximated
well with Gaussian wave packets [5]. For incoming states, they express the states in the
beam. The muon in the beam has a finite range in space determined by the mean free path
in medium. From here the natural unit is used in most places.
A. S-matrix at a finite-time interval S[T ]
The S[T ] defined from the wavefunction at T satisfies the unitarity S[T ]S†[T ] = 1.
Inserting the initial and final states of the muon decay,
〈µ|S[T ]|µ〉〈µ|S†[T ]|µ〉+ 〈µ|S[T ]|e, ν, ν¯〉〈e, ν, ν¯|S†[T ]|µ〉 = 1. (19)
Thus the survivable probability, P (µ− → µ−), is written with the decay probability, P (µ− →
e− + νµ + ν¯e), as
P (µ− → µ−) = 1− P (µ− → e− + νµ + ν¯e). (20)
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Later P (µ− → e− + νµ + ν¯e) = ΓT + P (d) is computed. Depending on the magnitude of
P (µ− → e− + νµ + ν¯e), that is written as
P (µ− → µ−;T ) =


1− (ΓT + P (d)); small P (µ− → e− + νµ + ν¯e)
1
1+P (d)
e−ΓT ; other.
(21)
The normalization of the muon is affected by the transition from Eq.(5).
1. µ→ e+ ν + ν¯
In the case mν ≈ 0.08 eV, Tc in Eq. (15) satisfies Tc ≫ τµ. The case P ≪ 1 is studied
first.
The detection of ν¯e through the inverse β process is shown in Fig. 2; cT is the muon
decay region and D is the detector. The length between decay region and detector denoted
L is set to zero in this section, but that is included in the latter section. We study first the
single neutrino case, using the same notation for the particle and anti-particle: µ for µ+ and
µ−, etc.
The decay amplitude of a muon of a wave packet denoted as |µ〉 to a final state of plane
waves for e and νµ and a wave packet for νe |e, νµ, νe〉 [22]
|µ〉 = |~pµ, ~Xµ, Tµ〉, |e, νµ, νe〉 = |~pe, ~pνµ, ~pνe, ~Xνe, Tνe〉 (22)
is
M = GF√
2
8N−1µ N
−1
νe ̺µ̺e̺νµ̺νefI(δp), δp = pµ − pe − pνµ − pνe, (23)
I(δp) =
∫ Tνe
Tµ
dt
∫
d~xe−iδφ(x)w(x,Xµ; σµ)w(x,Xνe; σνe),
f = u¯(~pνµ)γρ(1− γ5)u(~pµ)u¯(~pe)γρ(1− γ5)u(~pνe),
δφ(x) = φµ(x, ~pµ)− φe(x, ~pe)− φνµ(x, ~pνµ)− φνe(x, ~pνe),
Nµ =
(σµ
π
) 3
4
, Nνe =
(σνe
π
) 3
4
, ̺α =
(
mα
(2π)3Eα
) 1
2
, (24)
φα(x,~kα) = E(~kα)(t− Tα)− ~kα · (~x− ~Xα), (α = µ, νe), (25)
φβ(x, ~pβ) = E(~pβ)t− ~pβ · ~x, (β = e, νµ), (26)
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where the wavefunctions are
w(x,Xµ; σµ; τµ) = e
− 1
2σµ
(~x− ~Xµ−~vµ(t−Tµ))2− t−Tµ2τµ ; t− Tµ ≥ 0, (27)
w(x,Xν ; σν) = e
− 1
2σν
(~x− ~Xν−~vν(t−Tν ))2 .
Now the spreading effect of the wave packet and a causality at large |t− Tνe| that the wave
packet vanishes at (t − Tνe)2 − (~x − ~Xνe) ≤ 0 [15], are negligible, and are not expressed
explicitly in most places.
B. Transition probability
The amplitude M from Eq.(23), is substituted into the transition probability at T
P =
∫
d~ped~pνµd~pνe
d ~Xνe
(2π)3
|M|2. (28)
Averaging over the initial spins and summing over the final spins,
P =
(
π2
σµσνe
) 3
2 28G2F
Eµ(2π)3
∫
d~ped~pνµd ~Xνed~pνe
EeEνµEνe(2π)
12
(pµ · pνe)(pe · pνµ) |I(δp)|2 . (29)
1. µ→ eνν¯: transition probability: normal term
|I(δp)|2 in Eq.(29) is expressed by an integrals over times. The integrand in small t1− t2
region is characterized by the de Broglie wavelength, and much shorter than the cT . Hence
the integral from this region determines ΓT from Appendix C, and is evaluated by the
integral over the region −∞ < t1 − t2 < ∞. Then the effect of the muon’s life-time is
neglected, and T is replaced with ∞. It follows
Inormal(δp) =
∫ ∞
−∞
dt
∫
d~xe−iδφ(x)w(x,Xµ; σµ)w(x,Xνe; σνe). (30)
and
∣∣Inormal(δp)∣∣2 =(2π(σµ + σνe)
(~vµ − ~vνe)2
)(
2πσµσνe
σµ + σνe
)3
exp
[
− σµ + σνe
(~vµ − ~vνe)2
(
δp0 − ~v0 · δ~p
)2]
× exp

− σµσνe
σµ + σνe
δ~p 2 −
(
~˜Xµ − ~˜Xνe
)2
T
σµ + σνe

 , (31)
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where
~v0 =
σµ~vνe + σνe~vµ
σµ + σνe
, ~˜Xµ = ~Xµ − ~vµTµ, ~˜Xνe = ~Xνe − ~vνeTνe , (32)
( ~˜Xµ − ~˜Xνe)T = ~˜Xµ − ~˜Xνe − ~n
(
~n · ( ~˜Xµ − ~˜Xνe)
)
, ~n =
~vµ − ~vνe
|~vµ − ~vνe |
.
Integrating over ~Xνe, the probability is written as
P 0 = ΓT =T
(σµσνe)
3
2
|~vµ − ~vνe|(σµ + σνe)
24G2F
Eµ(2π)7
∫
d~ped~pνµd~pνe
EeEνµEνe
(pµ · pνe)(pe · pνµ)
× exp
[
− σµσνe
σµ + σνe
δ~p 2
]
exp
[
− σµ + σνe
(~vµ − ~vνe)2
(
δp0 − ~v0 · δ~p
)2]
(33)
[4], where T = Tνe − Tµ. The condition T ≪ τµ is satisfied in all experiments and assumed
in this paper. Other region T ≈ τµ is given in Appendix A.
2. Spectral representation : finite-size corrections
The probability from the large t1 − t2 region in Eq.(29) is found from the expression
P =
25G2F
(σµσνe)
3
2Eµ
∫
d ~Xνed~pνe
Eνe(2π)
6
∫
d4x1d
4x2∆e,νµ(δx)e
ipνe ·δx,
×
∏
i
w(xi, Xµ; σµ; τµ)w(xi, Xνe; σνe), δx = x1 − x2, (34)
∆e,νµ(δx) =
1
(2π)6
∫
d~ped~pνµ
EeEνµ
(pµ · pνe)(pe · pνµ)ei(pe+pνµ−pµ)·δx, (35)
where ∆e,νµ(δx) has a short-range component and a long-range one. The long-range compo-
nent is extracted by writing it with an integral representation of Jost, Lehmann, and Dyson
[23, 24], given in Appendix B,
∆e,νµ(δx) =
pµ · pνe
2(2π)2
∫
m2e
dm2ρ(m2)iD+(δt, δ~x; pµ, m), (36)
ρ(m2) = m2 − 2m2e +
m4e
m2
,
Using the momentum Qρ = pρe + p
ρ
νµ − pρµ, iD+(δt, δ~x; pµ, m) is expressed as
iD+(δt, δ~x; pµ, m) =
1
(2π)3
∫
d4Qδ(Q2 −m2)θ(Q0)eiQ·δx, (37)
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and
m ≤ mµ
iD+(δt, δ~x; pµ, m) = iD
+(δt, δ~x; pµ, m)
(1) + iD+(δt, δ~x)(2) + iD+(δt, δ~x; pµ, m)
(3)
(38)
iD+(δt, δ~x; pµ, m)
(1) =
1
(2π)3
∫ Q0=p0µ
Q0=0
d ~Q
2Q0
eiQ·δx (39)
iD+(δt, δ~x)(2) =
i
4π
δ(λ)ǫ(δt) (40)
iD+(δt, δ~x; pµ, m)
(3) =
∞∑
n=0
1
n!
(
∂
∂m˜2
)n(
−ipµ · ∂
∂δx
)n
iD˜+(δt, δ~x; im˜), (41)
mµ < m
iD+(δt, δ~x; pµ, m) = 0, (42)
where D˜+(δt, δ~x; im˜) is the sum of the Bessel functions. The short-range components of
these functions, which give the probability ΓT from Appendix A and C, were computed in
the previous sub-section.
Now, P (d) is computed from iD+(δt, δ~x)(2). This is derived from the states of | ~Q| → ∞,
and has the long-range component, when the series in iD+(δt, δ~x; pµ, m)
(3) converges. This
condition is reduced to that of the momenta
2pµ · pνe ≤ m2µ −m2, (43)
which agrees also with a causality condition that the light-cone singularity is in the phys-
ical region. Due to the singular nature, the computation is made in the configuration
space. That is similar to that of [5] and the details are given in Appendix C. For a
muon of large σµ,
(~vµ−~vνe)2T 2
4σµ
≪ 1, the relevant term g˜(ωνe, T ; τµ)) in Eq.(C7) is written
as τµ(g(ωνe, T ; τµ)−g(ωνe,∞; τµ)). Then τµg˜(ωνe, T ; τµ) gives the slowly varying component,
whereas g(ωνe,∞; τµ) is combined with other short-range terms. Substituting g˜(ωνe, T ; τµ)),
it follows
P (d) =
2G2F
Eµ
∫
d~pνepµ · pνe
Eνe(2π)
5
∫
dm2ρ(m2) [σνeCg˜(ωνe, T ; τµ)] , (44)
where the integral over the invariant mass∫ m2µ−2pµ·pνe
m2e
dm2ρ(m2) ≃
(
m2µ − 2pµ · pνe
)2
2
θ(m2µ − 2pµ · pνe), (45)
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is substituted and C is constant in pνe and given in Appendix C for various cases.
Finally,
P = TΓ + P (d), (46)
P (d) = CG
2
F
Eµ
∫
d~pνe
Eνe(2π)
5
(pµ · pνe)(m2µ − 2pµ · pνe)2θ(m2µ − 2pµ · pνe)σνe g˜(ωνe, T ; τµ), (47)
Γ =
∫
dEνe
dΓ
dEνe
=
∫
dEνe
G2F
2π3
m2µE
2
νe
(
1− 2Eνe
mµ
)
. (48)
Γ is in agreement with the known rate. P (d) is expressed, after the tedious calculations, as
P (d) =
G2F
(2π)5Eµ
(
J˜1(pµ) + J˜2(pµ)
)
(49)
=
G2FσνeC
(2π)4Eµ|~pµ|
[∫ Emin
0
dEνeF1(Eνe)g˜(ωνe, T ; τµ) +
∫ Emax
Emin
dEνeF2(Eνe)g˜(ωνe, T ; τµ)
]
F1(Eνe) = E
2
νe
[
E2νe
(
p+µ
4 − p−µ 4
)
− 4
3
Eνem
2
µ
(
p+µ
3 − p−µ 3
)
+
m4µ
2
(
p+µ
2 − p−µ 2
)]
F2(Eνe) = E
2
νe
[
E2νe
{
p−µ
4 −
(
m2µ
2Eνe
)4}
− 4
3
Eνem
2
µ
{
p−µ
3 −
(
m2µ
2Eνe
)3}
+
m4µ
2
{
p−µ
2 −
(
m2µ
2Eνe
)2}]
, p±µ = Eµ ± |~pµ|.
In the above equations, the integral over the angle θ between the momenta of µ and νe is
made following the condition Eq. (43),
cos θ ≤ cos θc = Eµ|~pµ| −
m2µ
2|~pµ||~pνe|
. (50)
The P (d) depends on the neutrino absolute mass through g˜(ωνe, T ; τµ).
C. Energy spectrum
1. Diffraction component
The energy spectrum of the diffraction component is given from Eq.(49) by
dP (d)
dEνe
=
G2FσνeC
(2π)4Eµ|~pµ| [F1(Eνe)g˜(ωνe, T ; τµ)θ(Emin − Eνe)
+ F2(Eνe)g˜(ωνe, T ; τµ)θ(Emax − Eνe)θ(Eνe − Emin)]. (51)
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FIG. 3. (Color online) νe spectrum in µDAR. The red curve shows the normal component given
in Eq. (53), while the green curve shows the diffraction component given in Eq. (51). mνe = 0.08
eV, and 2σνe = 12
2
3 /m2π (
12C carbon target) were used in the numerical computation. Here, the
detector is located at L = 0. The left figure corresponds to cT = cTD = 1, the right figure to
cT = cTD = 10 m.
For the low-energy muon |~pµ| ≪ Eµ ∼ mµ,
F1(Eνe) = |~pµ|
m7µ
2
x2(1− x)2, F2(Eνe) = 0, x =
2Eνe
mµ
. (52)
Eq. (51) and the spectrum at asymptotic region, Eq. (48) are given in Fig. 3 for a
suitable value of σνe. At cT = 1 m, the diffraction term P
(d) is considerably larger than the
normal term in magnitude, and is about the same at cT = 10 m. Moreover, the peak shifts
to lower energies by approximately 20 MeV. This arises from the fact that the dominant
part of P (d) comes from the large momentum states and is derived from those satisfying the
condition in Eq. (43). Currently, there are no precise data even for the electron in x < 1/2,
and it would be interesting to confirm this component. The effect is reduced if the muon
is a small wave packet. A low-energy negative muon in matter is trapped in an atom and
forms a bound state with a small wave function; thus, the effect is reduced.
2. Normal component
From Eqs. (48), and (A2), the energy spectrum of the normal component of the muon
decay at rest (µDAR) in the asymptotic region is written as
dP 0
dx
=
G2Fm
5
µ
2(2π)3
x2(1− x)τµ(1− e−
TD
τµ ), (53)
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where TD is the depth of the detector, which, for µDAR, determines the time width. For
the muon decay in flight(µDIF), a decay region cT restricts the time width where µ exists.
Those with suitable values, according to the experimental conditions, are used. The normal
component of the transition rate or probability is independent of the size of the wave packets,
from the completeness, but the energy spectrum depends on it and varies with the size. The
spectrum for a plane wave given in Eq. (48) was confirmed in the upper energy region
x ≥ 1/2 of the electron spectrum.
D. Flavor mixing
1. Normal term
With three neutrino mass eigenstates of mνi , i = 1−3, and Uα,i, the flavor neutrino fields
νl(x) in Eq. (4) are the linear combination of the fields of three νi(x) having mass mi as
νl(x) =
∑
i
Ul,iνi(x), l = e, µ, τ, (54)
where the best-fit values of the mixing angles given in Ref. [8]
sin2 (θ12) = 0.304± 0.014 (55)
sin2 (θ23) = 0.51± 0.05 (normal hierarchy), sin2 (θ23) = 0.50± 0.05 (inverted),
sin2 (θ13) = (2.19± 0.12)× 10−2
are used, and a CP violation phase δCP = 0 is assumed. The amplitudes for the anti-neutrino
of flavor α to be detected in µ+ decay (µ+ → ν¯µ + e+ + νe) and for the neutrino of flavor α′
in µ+ decay (µ+ → ν¯µ + e+ + νe) are
Mα,µ =
∑
i
Uα,iM(µ+, i)U∗µ,i, (56)
M′α′,e =
∑
i
Uα′,iM′(µ+, i)U∗e,i.
The probability is the square of the amplitude,
P 0α,β = |Mα,β|2, (57)
and is a function of sin2 ∆m
2
νT
4Eν
in the particle zone. For the two-flavor case, that is propor-
tional to 4(cos θ sin θ)2 sin2 ∆m
2
νT
4Eν
.
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2. Diffraction term
The probability amplitude in the wave zone is described by the wavefunction of the
correlation length Lc, and depends on the absolute neutrino mass and the flavor mixing
matrix. The probability for a flavor change from α to β are expressed by a new universal
function g˜α,β(ωνα, T ; τµ) as
P
(d)
αβ ∝ g˜α,β(ωνβ , T ; τµ) =
∑
i,j
Uβ,iU
∗
α,iU
∗
β,jUα,j g˜(ωi, ωj, T ; τµ). (58)
These reflect the enhanced probability in short-distance regions, [28], accordingly the flavor
change can be much larger than that of the normal term. They are studied in Appendix C.
Some specific features are the following:
(1) g˜e,e(ωνe) and g˜µ,e(ωνe) are almost constant at cT < 100 m, and decrease uniformly at
larger T . The values are sensitive to the absolute neutrino mass.
(2) g˜µ,e(ωνe) is significantly smaller than g˜e,e(ωνe), but not zero. That magnitude is
proportional to τµ(ωi + ωj) at a small τωi region. A new flavor changing effect arises in the
short-distance region.
3. Flavor change in the short-distance region
The probability is the sum of those of Eqs.(57) and (58), and in the short-distance region,
P = C0(4(cos θ sin θ)
2(
∆m2νT
4Eν
)2 + g˜α,β(ωνβ , T ; τµ)), (59)
for two flavor, where C0 is a constant. The first term is proportional to the square of small
quantity, but the second one is proportional to it. Thus the probability is determined by
the second term.
The flavor change is determined by the diffraction in short-distance regions, but that is
by the flavor oscillation in long-distance regions.
III. IMPLICATIONS TO NEUTRINO EXPERIMENTS
Been determined by the neutrino wavefunction, the standard formula depends on single-
body properties such as the mass-squared difference ∆m2ν21 = m
2
ν2 −m2ν1 and mixing angles.
Now, P (d) is determined by the many-body wavefunction expressing the whole process of the
16
long distance correlation of the length, Lc, which is much longer than the typical detector
size, and the final states from FQM. Accordingly, P (d) varies with the geometry and set up
of the experiments. ΓT is equivalent in LSND and KARMEN, but P (d) is very different.
A. Boundary conditions for muon decays
In ground experiments, µ+ (µ−) is produced in π+ (π−) decay simultaneously with a
νµ (ν¯µ), and decays to e
+ (e−), ν¯µ (νµ), and νe (ν¯e). There are two typical types of exper-
iments; one is the accelerator experiment that uses a neutrino beam from pion decay. In
this case, both decays of high-energy π and µ are sources of neutrinos. The other is the
experiment that observes the ν¯e or νµ appearance in µ
+ decay. In the latter, µ+ is extracted
and used as a source of neutrino, and π is not involved.
The nuclei wavefunctions in solid have ranges in space of the order of 10−15 m, while the
electrons bound in the atoms have ranges in space of the order of 10−10 m. The neutrino and
anti-neutrino interact differently with the matter [22]. For νe detected by the
12C + νe →
12Ng.s. + e
− process, that is the nucleus size
2σνe =
12
2
3
m2π
, (60)
of 12C. For ν¯e detected by the inverse beta decay and delayed signal of neutron capture,
the lightest nucleus H , i.e., the proton, and other nuclei are the targets. When CnH2n+2 is
used for the scintillator, the size of the wave packet calculated from the ratio of the proton
between C and H is
2σν¯e =
3
4
12
2
3
m2π
+
1
4
(
mea∞
mp +me
)2
, (61)
where me and mp are the masses of the electron and proton, respectively, and a∞ is the used
Bohr radius. For the detector, which consists of a mixture of several materials, the wave
packet size becomes the value averaged over the abundance ratio of the materials.
The incoming muon is prepared in the apparatus. That propagates in matter or space
with a mean free path
lµ =
1
nσcross
, (62)
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where n and σ cross are the density of the scatterers and the cross section, respectively. They
are determined by the transition rate and average lifetime of the velocity v
Γ = nσcrossv =
v
lµ
, τint =
1
Γ
. (63)
This is summarized in Ref. [8].
A pion is produced by a proton collision, hence, its range in space covered by the wave
function is estimated from that of a proton. A proton mean free path of 1 GeV/c was
estimated as lproton = 50− 100 cm, and, at a lower momentum of 2 MeV/c, lproton = 10 cm.
Analyzing the decay processes, we found that the range in space covered by the pion wave
function at momentum 1 GeV/c, or larger, is δxπ ≈ 40-100 cm, and that by of the muon wave
function of the momentum around 1GeV/c is δxµ ≈ 40-100 cm. Thus, σµ = π(0.4−1.0)2 m2,
and σµ =∞ is a good approximation.
µ+ and µ− decay in a symmetric manner in vacuum with the mean lifetime at rest τµ =
2.2 × 10−6 sec. However, due to the different charges they interact with atoms differently.
For the stopped µ+, the wavefunctions in the periodic potential of a solid are extended waves
with continuous energies. They are plane waves with phase shifts, and µ+ at rest, v = 0,
is described by a wavefunction covering a large range in space. The stopped µ− can form
bound states of localized wavefunctions and discrete energies. Thus, the wave packet for µ−
at rest has a short range. Consequently, µ+DAR is expressed by plane waves, while µ−DAR
is expressed by a wave packet of the small range. Both µ± DIF are produced from decays
of π± and retain coherence of the same range of π±. Therefore, it is a good approximation
to treat µ±DIF as plane waves [5]. Hereafter, we focus only on the µ+ decay and study the
above two types of experiments with σµ =∞.
B. νe and ν¯µ in µ
+ decay
1. µ+ decay at rest (µ+DAR)
In µ+DAR, the neutrino has the energy less than mµc
2 and can produce the electron but
not the muon. νe is detectable but ν¯µ in charged current interactions is not. Nevertheless,
the ν¯µ spectrum is important to distinguish background events of the flavor oscillation
18
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FIG. 4. (Color online) Spectra of normal and diffraction terms for νe and ν¯µ in the µ
+ decay at
rest. The spectra of the normal terms for νe (red) and ν¯µ (blue) are different from those of νe
(green) and ν¯µ (magenta). These properties can be used to eliminate background events from µ
−
decays, etc. mνh = 0.08 eV, σν = 12
2
3/m2π, cT = cTD = 1.0 m, and inverted hierarchy are assumed
in the numerical calculation.
phenomena. The energy spectra of the normal and diffraction terms for ν¯µ are
dP 0
dEν¯µ
=
G2Fm
2
µ
12π3
E2ν¯µ
(
3− 4Eν¯µ
mµ
)
τµ
(
1− e−
TD
τµ
)
, (64)
dP (d)
dEν¯µ
=
G2Fm
2
µ
12π3
E2ν¯µm
2
µσν¯µ
4π
(
1− 2Eν¯µ
mµ
)(
5− 6Eν¯µ
mµ
)
τµg˜(ων¯µ, T ; τµ), (65)
and their ratio is
R(Eν¯µ) =
dP (d)
dEν¯µ
/
dP 0
dEν¯µ
=
m2µσν¯µ
4π
(
1− 2Eν¯µ
mµ
)(
5− 6Eν¯µ
mµ
)
3− 4Eν¯µ
mµ
g˜(ων¯µ, T ; τµ)
1− e−
TD
τµ
. (66)
The energy spectra of the diffraction and normal terms for νe are given in Eqs. (51), and
(53) and their ratio is
R(Eνe) =
σνem
2
µ
(
1− 2Eνe
mµ
)
4π (1− exp[−TD/τµ]) g˜e,e(ωνe, T ; τµ), (67)
Figure 4 shows the spectra obtained from Eqs. (51), (53), (64), and (65). The distinctive
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FIG. 5. (Color online) The spectra of normal and diffraction terms for νe are compared with
KARMEN data. The green curve indicates the νe spectrum with normal term, while the blue curve
indicates the sum of normal and diffraction terms; the crosses indicate the KARMEN experiment.
Suitable parameters are chosen and relative magnitudes are shown.
spectra with peaks in the lower energy regions and the unique property that the magnitude
varies with T and σνe , facilitate their differentiation from background events.
According to Fig.4, the ratios in Eqs. (66) and (67) are approximately equal to 5 at
cT = 1 m with mνh = 0.08 eV of the inverted hierarchy. This value is quite large compared
with that of the π decay [28]: if it is possible to identify νe from µ
+DAR and collect sufficient
statistics, it may be feasible to observe the excess of the νe flux and measure the absolute
neutrino mass. The spectrum from KARMEN experiment is compared with the normal
and diffraction terms in Fig. 5. The statistics are insufficient, and both theories are not
in-consistent with the experimental results.
2. µ+ decay in flight (µ+DIF)
The energy spectra of νe in µ
+DIF are
d2P 0νe
dEνed cos θ
=
2G2FE
2
νe
(2π)3Eµ
(Eµ − pµ cos θ)(m2µ − 2pµ · pνe)γτµ
(
1− exp
[
− T
γτµ
])
, (68)
d2P
(d)
νe
dEνed cos θ
=
G2FE
2
νe
(2π)4Eµ
(Eµ − pµ cos θ)(m2µ − 2pµ · pνe)2σνeγτµg˜e,e(ωνe, T ; γτµ), (69)
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FIG. 6. (Color online) Spectra of the normal and diffraction terms for νe and ν¯µ in µ
+DIF. The
spectra of the normal terms for νe (red) and ν¯µ (blue) are different from those of νe (green) and
ν¯µ (magenta). These properties can be used to eliminate background events from µ
− decays, etc.
mνh = 0.08 eV, σν = 12
2
3/m2π, cT = 200 m, cos θ = 1, and Eµ = 1 GeV were used, and inverted
hierarchy was assumed in the numerical calculation.
where θ is an angle between ~pµ and ~pν¯µ ; and γ = Eµ/mµ; The energy spectra of ν¯µ are
d2P 0ν¯µ
dEν¯µd cos θ
=
G2FE
2
ν¯µ
24π3Eµ
[
(Eµ − pµ cos θ)(3m2µ − 4Eν¯µ(Eµ − pµ cos θ))
]
× γτµ
(
1− exp
[
− T
γτµ
])
, (70)
d2P
(d)
ν¯µ
dEν¯µd cos θ
=
G2F
24π3Eµ
E2ν¯µ
4π
(Eµ − pµ cos θ)(m2µ − 2Eν¯µ(Eµ − pµ cos θ))
× (5m2µ − 6Eν¯µ(Eµ − pµ cos θ))γτµσν¯µ g˜µ,µ(ων¯µ, T ; γτµ). (71)
The ratios between the normal and diffraction terms for νe and ν¯µ are
R(Eνe , cos θ) =
σνe
4π
(m2µ − 2Eνe(Eµ − pµ cos θ))
g˜e,e(ωνe, T ; γτµ)
1− exp[−T/γτµ] , (72)
R(Eν¯µ , cos θ) =
σν¯µ
4π
(m2µ − 2Eν¯µ(Eµ − pµ cos θ))(5m2µ − 6Eν¯µ(Eµ − pµ cos θ))
3m2µ − 4Eν¯µ(Eµ − pµ cos θ)
g˜µ,µ(ων¯µ, T, γτµ)
(1− exp[−T/γτµ]) .
(73)
The spectra obtained from Eqs. (68)–(71) are shown in Fig. 6. They indicate that
R(Eν¯µ) and R(Eνe) for on-axis ν¯µ and νe are approximately equal to one with Eµ = 1 GeV,
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mνh = 0.08 eV with inverted hierarchy, and σν of nuclear size at cT = 200 m. As this
effect is clear and unique, this may be observed in high-energy neutrino experiments, even
at small neutrino flux. In the next section, these findings will be compared with the existing
experimental results.
3. Excess of electron neutrino in accelerator experiments
The accelerator experiments use a neutrino beam produced by π decays. In π+ decay, νe
is produced by the following processes
π+ →µ+ + νµ, (74)
µ+ → e+ + ν¯µ + νe, (75)
→e+ + νe, (76)
and has two sources. P (d) in the νe mode is not suppressed, because the helicity-suppression
works only to ΓT . That has been compared with the existing data of MiniBooNE in [28, 31],
and all corrections, including those from the muon decay, are compared here. Lifetime of
µ+ and π+ are also included.
We compare the result ΓT + P (d) with the MiniBooNE. P (d) of νe in Eq. (76), from
Ref. [28], and that of νe from µ
+ of Eq. (75), is given in Fig. 7. Figure 7 indicates that
our numerical results for the ratio between normal and diffraction modes are in agreement
with the data. Furthermore, this shows that P (d) in the µ+ decay dominates in νe events
of MiniBooNE experiments, and is sensitive to the absolute mass value of the neutrino and
the mass hierarchy. Our results are consistent within experimental uncertainties and Monte
Carlo simulations with absolute neutrino mass values of mνh = 0.07 − 0.08 eV. This is
consistent with our previous results [28]. Figure 8 shows the energy dependence of the ratio
P
(d)
νe /P
(0)
νe of our theory in a MicroBooNE experiment [32]. In this experiment, the neutrino
beam is the same as that in the MiniBooNE experiment. The MicroBooNE detector is
smaller than that of MiniBooNE, but the target nucleus is 40Ar, whose range in space
covered is substantially larger than that of 12C, and the finite-size correction becomes also
large. By using two different lengths of the decay region and sufficient statistics, not only
the mass hierarchy, but also the absolute neutrino mass can be determined.
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FIG. 7. (Color online) P
(d)
νe /P
(0)
νe (µ) is compared with the MiniBooNE data (light-blue)
including statistic and systematic errors [31]. In the numerical calculation, mνh =
0.07 eV (green: inverted, magenta: normal), mνh = 0.08 eV (red: inverted, blue: normal), Eµ =
670 MeV, and Eπ = 1.15 GeV are used.
C. Neutrino flavor changes through diffraction
P (d) in the system of flavor mixing shows a unique behavior distinct from the standard
formula. In µ+DAR, Eq.(2), ν¯e produced by the flavour mixing is sizable numbers and is
detected at detectors with L ∼ 10−100 m, if a range in space covered by the wavefunctions
is large even with a small ∆m2. In µ+DIF, both νµ and ν¯µ have excesses.
1. LSND and KARMEN (µ+DAR)
Detector geometries of µ+DAR in LSND [26] and KARMEN [33] are similar but not
identical. That of the µ+DAR experiment is shown in Fig. 9. µ+ at rest decays in matter
and ν¯e, which is from P
(d), propagates and is detected at downstream through inverse beta
process with the delayed coincidence. T is a time interval in which µ+ and its decay products
co-exist and overlap. L is the spatial length between the decay region and the detector, and
∆t is the time interval between the photon signals of the positron and neutron captures, used
for event selection in KARMEN experiments. ∆t is not taken into account in LSND. In the
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FIG. 8. (Color online) Energy dependences of the ratio P
(d)
νe /P
0
νe from our theory for MicroBooNE
[32] setup. The left figure corresponds to cT = 50 m; the right figure to cT = 25 m. In the
numerical calculation, mνh = 0.07 eV (green: inverted, magenta: normal),mνh = 0.08 eV (red:
inverted, green: normal), Eµ = 670 MeV, and Eπ = 1.15 GeV were used. The target nucleus is
40Ar.
µ+
ν¯µ → ν¯e p+
σν
Gd or H
γ
γ
∆tL
cT
e+
e−
n
Tµ Tν¯e
cTD
FIG. 9. Space-time geometry of the detection of ν¯e through inverse beta process with the delayed
coincidence in µ+DAR. T is the time width where µ+ and its decay products can overlap. L is the
length between the decay region and the detector used in the flavor oscillation formula. ∆t is the
time difference between the photon signals of the positron and neutron captures, used for event
selection in KARMEN experiments.
anti-neutrino events, photons from the positron annihilation arrive to the detector first, and
the photon from the neutron capture arrive later, for the neutrino in the particle zone. The
neutrino has the short-correlation length, and the delay time is sharply distributed in the
order few µ seconds. Now, the neutrino in the wave zone represents the rapid transition in
the short-time interval, and spreads over wide kinetic-energy region. That has the correlation
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FIG. 10. (Color online) Spectra of LSND [27] (top) is compared with those of the neutrino os-
cillation due to the sterile neutrino (black line ) and to the diffraction terms (colored line) in the
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2, and sin2 2θLSND = 0.003 are used. The red and green curves show the
inverted hierarchy of mνh = 0.08 eV and mνh = 0.07 eV; the blue and magenta curves show the
normal hierarchy of mνh = 0.08 eV and mνh = 0.07 eV.
length Lc. The neutron has the same properties , and interacts strongly with nucleus due
to strong interaction through P (d) without thermalize, and emits a photon in the short-time
interval. Hence photons from two processes arrive to detector almost simultaneously. By
the timing cut, the neutrino events by P (d) may be rejected.
The diffraction term has an energy spectrum
dP (d)
dEν¯e
=
G2Fm
2
µτµ
12π3
E2ν¯e
m2µσν¯e
8π
(
1− 2Eν¯e
mµ
)(
5− 6Eν¯e
mµ
)
g˜µ,e(ων¯e, T ; τµ), (77)
where g˜µ,e is given in Appendix C. The spectrum for three flavor are given in Fig.10, and are
compared with the spectrum from LSND experiment. The event selection using the ∆t is not
made, but LSND adopted the likelihood ratio instead of ∆t. The experimental parameters
are summarized in Table I. The flavor change through P (d) in the experimental condition
of KARMEN, 5µs < ∆t < 300 µs is given in Fig.11, and almost disappears. Thus a small
difference in ∆t causes an essential difference. This is understandable from the fact that the
photons from two processes arrive to the detector almost simultaneously. The flavor change
through P (d) in the experimental conditions of LSND and that of KARMEN are compared
further.
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FIG. 11. (Color online) The ratios dP
(d)/dE
dP osc/dE are shown. For LSND, Tµ = 0, cT = 0.8 m (T ∼ 2.5
ns), cTD = 8.3 m, L = 29.8 m, σ
LSND
ν¯e of C2nH2n+2, ∆m
2
LSND = 1.2 eV
2, and sin2 2θLSND = 0.003
are used. The red curve shows the inverted hierarchy of mνh = 0.08 eV; the green curve shows the
inverted hierarchy of mνh = 0.07 eV; the blue curve shows the normal hierarchy of mνh = 0.08 eV;
the magenta curve shows the normal of mνh = 0.07 eV. For KARMEN, Tµ = 0.3 µs, ∆t = 5 µs,
cT = 0.3 m (T ∼ 1.0 ns), cTD = 3.5 m, mνh = 0.08 eV of inverted hierarchy, L = 17.7 m, angle
between proton beam and detector θ = 100◦, σKARMENν¯e , ∆m
2
LSND = 1.2 eV
2 and sin2 2θLSND =
0.003 are used. A geometry for µ+DAR is shown in Fig. 9 and a relation between T and θ is given
in Appendix C 4.
For a comparison of the flavor change through P (d) in the experimental conditions of LSND
and of KARMEN , the standard oscillation formula of two neutrino of the mass-squared
difference ∆m2 derived from Γ
dP osc
dEν¯e
=
G2Fm
2
µτµ
12π3
E2ν¯e
(
3− 4Eν¯e
mµ
)(
e
−Tµ
τµ − e−
(Tµ+TD)
τµ
)
sin2 2θ sin
(
1.27
∆m2
Eν
L
)
, (78)
which is less sensitive to the experimental conditions, is used as a reference. Their ratios
dP d/dE
dP osc/dE
, following the parameters shown in Table I are computed. As Fig. 9 shows, the
detector is located away from the muon decay area, and the parent and daughters overlap
in a finite range covered by the wave functions T = Tν¯e − Tµ − L/c. There are two cases:
1. No cut is required on the time difference ∆t between the photons from positron and
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LSND KARMEN
Size of beam stop (D×W×H) 1 m×0.2 m×0.2 m 0.5 m× 0.25 m×0.25 m
L 29.8 m 17.7 m
∆t No 5 µs< ∆t < 300 µs
Scintillator CH2 CnH2n+2(75%) + C9H12(25%)
Eν¯e 36(20)–60 MeV 16–50 MeV
Primary positron time window No, Tµ = 0 0.6 µs < Tµ < 10 µs
TD, Depth of detector 8.3 m 3.5 m
Detector angle 10◦ 100◦
ν¯e event excess 87.9±22.4±6.0 No excess
Best fit ∆m2 and sin2 θ ∆m2 = 1.2 eV2, sin2 θ = 0.003 None
TABLE I. Parameters and results of LSND and KARMEN.
those from neutron:
In this case, the overlapping region is determined by the interval between the initial and
final instant of times, and the range covered by the beam stop, and is wide. Hence, the
diffraction term is included into the event of ν¯e.
2. Cut on ∆t is made.
In this case, the overlapping region is reduced by ∆t as T = Tν¯e − Tµ − L/c−∆t. Only
for T > 0, the waves overlap, and P (d) 6= 0 . In other case, the waves do not overlap and
P (d) = 0.
LSND did not use the cut and included all the events. Consequently, the diffraction was
included. Now, KARMEN selected the events of satisfying ∆t > 5 µs, and excluded the
events of ∆t < 5 µs, which corresponds to the length ∆L = 1.5 × 103 meters from our
estimation. This condition does not affects the events due to Γ, because the correlation
length is much shorter.
The theoretical value of P (d) for LSND and KARMEN are shown in Fig. 11. P (d) in
LSND configuration is large, while that for KARMEN configuration vanishes. If ν¯e excess
is verified from events of ∆t < 5µs in the KARMEN experiment, that proves the present
theory. A precise dependence on ∆t of the ratio is given in Fig. 12. The magnitude of P (d)
is approximately ten times larger than that of LSND because L of KARMEN is shorter than
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FIG. 12. (Color online) The ∆t dependence of the ratio for KARMEN. ∆t = 0 ns (green) and
∆t = 15µs (red). We used mνh = 0.08 eV of inverted hierarchy; all other parameters are the same
as those in Fig. 11.
that of LSND.
Thus the difference between LSND and KARMEN results from the methods of the event
selection, and an indication may appear as a sharp peak in the small ∆t region in Ref. [33].
Accordingly, the experimental results of both LSND and KARMEN can be explained from
P (d), and are consistent with the previous result of LSND πDIF [28]. With a precise energy
spectrum and suitable selection criteria, it would be possible to confirm P (d) by the excess
of ν¯e at near detector.
2. Future experiments of µ+DAR and µ+DIF
There are two possible experiments to confirm P (d) from the excess of the neutrino flux.
One is a ν¯e appearance experiment with µ
+DAR [34]; the other is a νµ appearance and ν¯µ
disappearance with µ+DIF [35]. Here, we give predictions for future experiments regarding
both cases.
1. µ+DAR
In µ+DAR experiments, the ν¯e spectrum is given by Eq. (77). The ratio between ν¯e and
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ν¯µ spectra for events free from the double coincidence condition of ∆t is written as
Rν¯e(Eν) =
m2µσν¯e
8π
(
1− 2 Eν
mµ
)(
5− 6 Eν
mµ
)
(
3− 4 Eν
mµ
)
(e
−Tµ
τµ − e−
Tµ+TD
τµ )
g˜µ,e(ων¯e, T ; τµ). (79)
This is the value under ideal conditions. The value for an experimental setup [34] is shown
in Fig. 13, where cT , the size of the beam stop, is 1 m, Tµ = 1 µs, cTD = 3.4 m, and σν¯e is
of C2nH2n+2 in the liquid scintillator. The ratio from the flavor oscillation with one sterile
neutrino is, dP
d/dE
dP osc/dE
,
Roscν¯e (Eν) =
m2µσν¯e
8π
(
1− 2 Eν
mµ
)(
5− 6 Eν
mµ
)
g˜µ,e(ων¯e, T ; τµ)(
3− 4 Eν
mµ
)
(e
−Tµ
τµ − e−
Tµ+TD
τµ ) sin2 2θµe sin
2
(
1.27
∆m241
Eν
L
) . (80)
Figure 14 shows the ratio in Eq. (80), where the experimental parameters are the same
as those in Fig. (13) and the parameters of the sterile neutrino are [30]
∆m241 = 0.9 eV
2, Ue4 = 0.15, Uµ4 = 0.17, (81)
sin2 θµe = 4 |Uµ4Ue4|2 , sin2 θµµ = 4 |Uµ4|2
(
1− |Uµ4|2
)
. (82)
These values are also used in the next µ+DIF case. According to Figs. 13 and 14, the
magnitude of the ν¯e appearance through P
(d) can be almost the same as, or larger than,
that of the flavor oscillation with the sterile neutrinos. Furthermore, the effect is sensitive
to the absolute neutrino mass and the mass hierarchy of the neutrino.
2. µ+ DIF
In the µ+DIF experiment, an appearance of νµ (νe → νµ) from νe and a disappearance of
ν¯µ (ν¯µ → ν¯e) will be searched, as the flavor oscillations with sterile neutrinos are considered.
The finite-size corrections provide the appearance of νµ and ν¯µ, but their magnitudes and
spectra are very different from those of the sterile neutrinos. Using Eqs. (68) – (71), the
ratios
P
(d)
νµ (Eν)
P oscνµ (Eν)
and
P
(d)
ν¯µ
(Eν)
P oscν¯µ (Eν)
are written as
Rνµ(Eν , cos θ) =
σνµ(m
2
µ − 2Eν(Eµ − pµ cos θ))g˜e,µ(ων , T ; γτµ)
2π
(
exp
[
− Tµ
γτµ
]
− exp
[
−Tµ+T
γτµ
])
sin2 2θµe sin
2
(
1.27
∆m241
Eν
L
) , (83)
Rν¯µ(Eν , cos θ) =
σν¯µ(m
2
µ − 2Eν(Eµ − pµ cos θ))g˜e,µ(ων , T ; γτµ)
2π
(
exp
[
− Tµ
γτµ
]
− exp
[
−Tµ+T
γτµ
])(
1− sin2 2θµµ sin2
(
1.27
∆m241
Eν
L
)) , (84)
and that of ν¯µ is given by Eq. (73). Eqs. (72) and (73) are given in Figs. 15 and 16. The
target nucleus is 56Fe and the parameters given in Eqs. (81) and (82) are used. The ratio
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FIG. 13. (Color online) The ratios
dP
(d)
ν¯e
/dE
dP 0ν¯µ/dE
, Eq. (79), for µ+DAR are shown, where Tµ = 1 µs,
cT = 1.0 m, L = 17.0m, and σν¯e = 7.3 of C2nH2n+2 and cTD = 3.4 m are used [34]. The red curve
shows the inverted hierarchy of mνh = 0.08 eV, the green curve shows the inverted hierarchy of
mνh = 0.07 eV, the blue curve shows the normal hierarchy of mνh = 0.08 eV, and the magenta
curve shows the normal hierarchy of mνh = 0.07 eV.
of νµ appearance at L = 20 m is very large. This is because T dependences are different in
normal and diffraction terms. The normal term is very small at T ≪ γτµ and P 0 increases
with T , but the diffraction term P (d) is constant in T . In addition, the oscillation length
with ∆m241 = 0.9 eV
2 at Eν = 1 GeV is 800–900 m, and the effect of the flavor oscillation is
not significant at L = 20 m. Thus, the 103 larger magnitude of the νµ appearance through
the finite-size correction at L = 20 m is a natural consequence of the nature of the diffraction
term. Then, the relative magnitude between them becomes very large, of the order of 103,
at cT = 226 m ≪ γτµ at Eµ = 3 GeV.
The ratio of the νµ appearance at L = 2000 m has three peaks because the numerator
dP
(d)
νµ /dEν varies uniformly in energy and the denominator dP
osc
νµ /dEν oscillates in energy,
becoming very small at certain energies.
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FIG. 14. (Color online) The ratios
dP
(d)
ν¯e
/dE
dP oscν¯e /dE
, Eq. (80), for µ+DAR are shown, where Tµ = 1 µs,
cT = 1.0 m, L = 17.0 m, cTD = 3.4 m, and σν¯e = 7.3 of C2nH2n+2 and are used [34]. The red curve
shows the ratio of the inverted hierarchy with mνh = 0.08 eV, the green curve shows that of the
inverted hierarchy with mνh = 0.07 eV, the blue curve shows the ratio of the normal hierarchy with
mνh = 0.08 eV, and the magenta curve shows the ratio of the normal hierarchy with mνh = 0.07
eV.
D. Comparison of the flavor-changing probability with the flavor oscillation
g˜αβ(ων , T, τµ) for α 6= β is approximately proportional to ωνT , whereas that of the single-
particle formula is proportional to (ωνi−ωνj)2T 2. Accordingly LSND data is explained using
the single-particle formula of ∆m2 ≈ 1 eV2, or using P (d) of much smaller masses of the
standard three neutrinos. From P (d), excesses of ν¯µ and νµ arise in µ
+DIF, but that is not
the case from the Γ. The two mechanisms can be clearly distinguished.
E. Modified survival probability due to P (d)
For the neutrino, τµ ≪ T0, and the life-time effect was dominant in t < τµ. For the
electron, ωe is substantially larger and T0(e)≪ τµ, and the effect due to P (d)e appears before
τµ. The survival probability has a contribution from P
(d)
e in addition to ΓT ; the final value
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FIG. 15. (Color online) Ratios of νµ appearance
dP
(d)
νµ /dEν
dP oscνµ /dEν
, Eq. (80), for µ+DIF, where Tµ = 0
µs, cT = 226.0 m, L = 20.0 m (left) and L = 2000.0 m (right), and σνµ = of
56Fe and cos θ = 1
are used [35]. The red curve shows the ratio of the inverted hierarchy with mνh = 0.08 eV, the
green curve shows the ratio of the inverted hierarchy with mνh = 0.07 eV, the blue curve shows
the ratio of the normal hierarchy with mνh = 0.08 eV, and the magenta curve shows the ratio of
the normal hierarchy with mνh = 0.07 eV. In the right figure, there are three sharp peaks because
the denominator oscillates in energy and becomes very small.
is given by
P new(T ) =
1
1 + P
(d)
e
e
− T
τµ . (85)
P
(d)
e becomes sizable for σe →∞, and the correction due to P (d)e becomes then important.
IV. SUMMARY
It was found that the neutrinos in the wave zone participate in the muon decays. The
transition probability at T is modified from the golden rule to ΓT +P (d). P (d) has the form
Eq.(16), and shows the rapid transition at small T . These neutrinos reveal exciting behaviors
within the standard model of three neutrino flavor. They are able to resolve the discrepancies
among the neutrino experiments in short-distance region, and to provide the information on
the neutrino absolute mass. P (d) is due to the non-stationary states of the overlapping initial
and final waves, which extend to the macroscopic length Lc. Lc is inversely proportional to
the neutrino mass-squared, and is much longer than the detector size. These states in the
wave zone have the continuous spectrum of the kinetic energy which includes ∆E → ∞ in
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FIG. 16. (Color online) Ratios of excess and disappearance of ν¯µ,
dP
(d)
ν¯µ
/dE
dP oscν¯µ /dE
, Eq. (80), for µ+DIF,
where Tµ = 0 µs, cT = 226.0 m, L = 20 m (Left) and L = 2000 m (Right), and σν¯µ = of
56Fe and
cos θ = 1 are used [35]. The red curve shows the ratio of the inverted hierarchy with mνh = 0.08
eV, the green curve shows the ratio of the inverted hierarchy with mνh = 0.07 eV, the blue curve
shows the ratio of the normal hierarchy with mνh = 0.08 eV, and the magenta curve shows the
ratio of the normal hierarchy with mνh = 0.07 eV.
Eq.(5). Accordingly P (d) which rises steeply in small T becomes constant in large T . P (d)
for the neutrino P
(d)
ν has the same expression with that of the electron P
(d)
e , but P
(d)
ν ≫ P (d)e
because mν
me
≪ 1. For the electron, the spectrum at T is expressed by the golden rule, and
the probability that the electron is detected is in agreement with the probability that the
muon has decayed. However for the neutrino, that is expressed by the sum of the terms
from the golden rule and its correction, and depends on the initial state and the final state.
Since Lc is much longer than the detector size, the probability amplitude defined by
the FQM between the non-stationary states and the outgoing states is necessary sensitive
to the latter wavefunctions. The final states depend on the cut on the time difference
∆t of the detection method. For the case of no cut, these are extended in large area in
the configuration space and overlap with the initial state. For the case of the cut of a
small ∆t, a small portion of the wavefunction is excluded, and for that of a large ∆t, a
large portion of the wavefunction is excluded. Consequently P (d) is large for the case of
no cut, but small for the case of large ∆t. The analysis on the experiments is altered by
P (d). The LSND, MiniBooNE, and KARMEN experiments have different geometries and
used different ∆t. Their P (d) are thus different. Surprisingly, the experiments seemingly
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inconsistent with each other if the probability by the Fermi’s golden rule, Γ, is used become
consistent when ΓT +P (d) is used. In the geometry of long-distance oscillation experiments,
P (d) is negligible [5], and the neutrino oscillations are described by the standard formula.
Therefore, the neutrino oscillation experiments are in agreement with each other and with
the theory within the three flavors, when the probability ΓT + P (d) is used. By measuring
P (d) accurately, the absolute neutrino masses will be determined. The effects studied here
are not modified by higher-order corrections.
The rigorous transition probability at T is derived from FQM and describes transitions
in other systems of light particles as well. P (d) of intriguing properties appears in many
transitions involving light particles, and gives sizable effects. They will be presented in
separate publications.
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Appendix A: Normal term
In T ≪ τµ the muon lifetime can be ignored, but in T ≈ τµ, that cannot. In both cases,
we have
∣∣Inormal(δp)∣∣2 = ( 2πσµσνe
σµ + σνe
)3
exp

− σµσνe
(σµ + σνe)
δ~p 2 −
(
~˜Xµ − ~˜Xνe
)2
(σµ + σνe)


×
∫
dt1dt2 e
− t1+t2
τµ
+i(δp0−~v0·δ~p)(t1−t2)
× exp

(~vνe − ~vµ) ·
(
~˜Xνe − ~˜Xµ
)
σµ + σνe
(t1 + t2)− (~vνe − ~vµ)
2
2(σµ + σνe)
(t21 + t
2
2)

 . (A1)
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Integrating over ~Xνe,
∫
d ~Xνe
∣∣Inormal(δp)∣∣2 = 16 π5 (σµσνe) 32
(σµ + σνe)|~vνe − ~vµ|
exp
[
− σµ + σνe
(~vνe − ~vµ)2
(
δp0 − ~v0 · δ~p
)2]
× exp
[
− σµσνe
σµ + σνe
δ~p 2
]
τµ
2
(
1− e− 2Tτµ
)
, (A2)
for the wave packets of
√
σµ+σνe
(~vµ−~vνe)2
≪ τµ, T , and outside the probabilities from the normal
term are computed numerically. For T ≪ τµ, τµ2 (1− e
− 2T
τµ ) = T .
Appendix B: Light-cone singularity
The light-cone singularities are explained in many textbooks and in Ref. [4, 5]; the new
formulae used in this paper are briefly summarized.
(1) D+(δt, δ~x;m) and D+(δt, δ~x; im) are single particle correlation functions of the real
mass and imaginary mass.
(2) The correlation function D+(δt, δ~x; p,m) of an external momentum p is written as
D+(δt, δ~x; p,m) = e−ip·δxD+(δt, δ~x,m), p2 = m20 or D
+(δt, δ~x; p,m) = D+∞(δt, δ~x; p,m) +
D+finite(δt, δ~x; p,m). The latter is written further
D+∞(δt, δ~x; p,m) =Dm (ξ)D
+
∞(δt, δ~x; im˜), (B1)
m˜ =
√
m20 −m2, ξ = −2ip ·
∂
∂δx
, Dm (ξ) =
∑
l=0
ξl
l!
(
∂
∂m˜2
)l
,
Dm (ξ)D
+
∞(δt, δ~x; im˜) =
ǫ(δt)
4π
δ(λ) +Dm (ξ)
[
− m˜
8π
√−λθ(−λ)
{
N1
(
m˜
√
−λ
)
− iǫ(δt)J1
(
m˜
√−λ
)}
+ θ(λ)
m˜
4π2
√
λ
K1
(
m˜
√
λ
)]
. (B2)
The light-cone singularity of D+∞(δt, δ~x; p,m) is independent of p and m, and exists in the
region expressed by Eq. (43) in the text.
The integral over the region −p0 ≤ r0 ≤ 0 is written as,
D+finite(δt, δ~x; p,m) =
1
i(2π)3
∫
d~q
E(~q )
ei(q−p)·δxθ(p0 − E(~q )). (B3)
For m˜2 < 0, D+(δt, δ~x; p,m) = 0.
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(3) D+(δt, δ~x; p,m)α1,α2,··· of many-body states are expressed with the mass spectrum,
ρ(m2), as ∫
dm2ρ(m2)D+(δt, δ~x; p,m), (B4)
ρ(m2) =
∫
d(phase space)δ

m2 −
(∑
l
pl
)2 .
For two particles
∆e,νµ(δx) =
1
(2π)6
∫ ∞
−∞
d~ped~pνµ
EeEνµ
(pµ · pνe)(pe · pνµ)ei(pe+pνµ−pµ)·δx, (B5)
=
pµ · pνe
2(2π)2
∫
dm2
(
m2 − 2m2e +
m4e
m2
)
iD+(δt, δ~x; pµ, m).
∆νµ,νe(δx) =
1
(2π)6
∫ ∞
−∞
d~pνµd~pνe
EνµEνe
(pµ · pνe)(pe · pνµ)ei(pνµ+pνe−pµ)·δx, (B6)
=
i
12(2π)2
∫
dm2
(
m2(pµ · pe) + 2pµ ·
(
pµ − i ∂
∂δx
)
pe ·
(
pµ − i ∂
∂δx
))
×D+(δt, δ~x; pµ, m). (B7)
Appendix C: Universal function g˜(ω, T ; τµ)
1. Asymptotic behaviors of integrals
The constant term of the integral over times plays a crucial role. First we study an
integral of a function f(t) of the property,
I(T ) =
∫ T
0
dt1
∫ T
0
dt2f(t1 − t2) = CT + I0, (C1)
for a large T and evaluate the constants C and I0. For a short-range function f(t) that
decreases rapidly and is negligible in |t| ≥ ǫ, the integral for T ≫ ǫ ,
I(T ) =
∫ T−ǫ
0+ǫ
dt1
∫ T
0
dt2f(t1 − t2) + ǫ(
∫ T
0
dt1(f(T − t1) + f(t1 − T )) = C(T − ǫ), (C2)
C =
∫ ∞
−∞
dtf(t), I0 = −ǫC.
Thus I0 is negligible for a microscopic ǫ.
I0 is significant only for a macroscopic ǫ or for a long-range f(t). One example is
Tg(ωT ) =
∫ T
0
dt1
∫ T
0
dt2
sin(ων(t1 − t2))
t1 − t2 = Tπ + T g˜(ωνT ), (C3)
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where T g˜(ωνT ) was given in [4] and in Eq.(C13), and is not negligible.
From Eq.(34), the probability is expressed with the integral over the coordinates x1, x2,
and ~Xνe
I(T ) =
∫
d ~Xνe
∫
d4x1d
4x2e
ipνe ·δxf(δx)
∏
i=1,2
w(xi, Xµ; σµ)w(xi, Xνe; σνe)
=
(
πσµσνe
σµ + σνe
) 3
2
∫
d ~Xνee
−(
~˜Xµ− ~˜Xνe)
2
T
σµ+σνe
∫
dt1dt2dδ~x e
ipνe ·δxe−
1
4σµ
(δ~x−~vµδt)2− 14σνe (δ~x−~vνeδt)
2
× e−
t1+t2
τµ exp
[
−(~vµ − ~vνe)
2
σµ + σνe
(
t1 + t2
2
− T˜L
)2]
f(δx), (C4)
T˜L =
(~vµ − ~vνe) ·
(
~˜Xµ − ~˜Xνe
)
(~vµ − ~vνe)2
,
where f(δx) is derived from the correlation function. This is reduced to an integral of the
form of Eq.(C1) using a Gaussian approximation for the integration in ~Xνe,
I(T ) =
(
π2σµσνe
) 3
2
∫ T
0
dt1
∫ T
0
dt2dδ~x e
ipνe ·δxe−
1
4σµ
(δ~x−~vµδt)2− 14σνe (δ~x−~vνeδt)
2
e
− t1+t2
2τµ f(δx).
(C5)
Eq.(C5) for f(x) = D+(δt, δ~x; pµ, m)
(1) or f(x) = D+(δt, δ~x; pµ, m)
(3) is short-range in t1−t2
and I(T ) is proportional to T . Now for f(δx) = i ǫ(δt)
4π
δ(λ),
I(T ) ≃
∫ T
0
dt1
∫ T
0
dt2
(
π2σµσνe
) 3
2
i
2
σνee
− (~vµ−~vνe )
2
4σµ
δt2
e
− (1−|~vνe |)
2
4σνe
δt2 e
iωνeδt
δt
e
− t1+t2
2τµ , (C6)
has both components and I(T ) = CT + I0, where ωνe =
m2νe
2Eνe
, and σνe|~pνe| ≪ T is used.
Owing to the small mass of the neutrino, e
− (1−|~vνe |)
2
4σνe ≈ 1. For the case (~vµ−~vνe )2
4σµ
T 2 ≪ 1, that
is reduced to the integral
τµg(ων, T ; τµ) = −τµ
∫ T
0
dt
sin(ωνt)
t
(
e
− t
2τµ − e− 12τµ (2T−t)
)
, (C7)
which is an extended version of the function Eq.(C3). For τµ = ∞, the constant term in
Tg(ων, T ; τµ) is obtained from T g˜(ωνT ). For finite τµ, that varies depending on the relative
magnitudes of τµ and T0 =
1
ων
. The constant term of g(ων, T ; τµ) is expressed differently.
1. τµ ≫ T0. In this case, g(ων, t; τµ) at t < T0 is equivalent to g(ων, t;∞). Its short-
range component is combined with the short-range terms from D+(δt, δ~x; pµ, m)
(1) and
D+(δt, δ~x; pµ, m)
3). The rest g˜(1)(ων , T ; τµ) = g(ων , T ; τµ) − g(ων,∞;∞), determines the
constant term.
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FIG. 17. (Color online) g˜e,e(ωνe , T ; τµ) including the flavor mixing, Eq. (C11). The horizontal
axis is x = ωνhT , where ωνh =
m2νh
2Eνe
, mνh is the mass of the heaviest neutrino. The different
colors indicate different mass values of mνh = 0.09 eV (green: inverted hierarchy, magenta: normal
hierarchy) and mνh = 0.08 eV (red: inverted hierarchy, blue: normal hierarchy).
2. T0 ≫ τµ. In this case, in g(ων, t; τµ) at t < τµ, the short-range component is ex-
pressed by g(ων, t = ∞; τµ), and is combined with the other short-range terms. The rest
g˜(2)(ων, T ; τµ) = g(ων, T ; τµ) − g(ων,∞; τµ) determines the constant term. The neutrino
masses around 0.08 eV correspond to the second case. Hereafter, we study the second case.
2. General form of g˜(ων , T ; τµ)
a. Without mixing
The universal function g˜(ων , T ; τµ) is written from Eq.(C7) as
g˜(ων , T ; τµ) = arctan(2ωντµ)−
∫ T
0
dt
sin(ωνt)
t
(
e
− t
2τµ − e− 12τµ (2T−t)
)
. (C8)
g(ων,∞; τµ) = − arctan(2ωντµ).
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FIG. 18. (Color online) g˜µ,e(ωνe , T ; τµ) including flavor mixing, Eq. (C11). The horizontal axis is
x = ωνhT , where ωνh =
m2νh
2Eνe
, mνh is the mass of the heaviest neutrino. Different colors represent
different mass values of mνh = 0.09 eV (green: inverted hierarchy, magenta: normal hierarchy) and
mνh = 0.08 eV (red: inverted hierarchy, blue: normal hierarchy).
b. Mixing case
P (d) in the system of the mixing is expressed with the integral for the mass eigenstates
of mi and mj ,
Cg(ωi, ωj, T ; τµ) =− τµ
1 + τ 2µ(ωi − ωj)2
∫ T
0
dt
sin
(
(ωi + ωj)
t
2
)
t
×
[
e
− t
2τµ
{
cos
(
(ωi − ωj) t
2
)
− τµ(ωi − ωj) sin
(
(ωi − ωj) t
2
)}
− e− 12τµ (2T−t)
{
cos
(
(ωi − ωj)
(
T − t
2
))
− τµ(ωi − ωj) sin
(
(ωi − ωj)
(
T − t
2
))}]
,
(C9)
Cg(ωi, ωj,∞; τµ) = τµ
1 + τ 2µ(ωi − ωj)2
[
−1
2
(arctan(2ωiτµ) + arctan(2ωjτµ))
+
τµ(ωi − ωj)
4
[− log(1 + 4ω2j τ 2µ) + log(1 + 4ω2i τ 2µ)]
]
. (C10)
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This is combined with the mixing matrix and the universal function is written as
g˜α,β(ωνβ , T ; τµ) =
∑
i,j
Uβ,iU
∗
α,iU
∗
β,jUα,j(g(ωi, ωj, T ; τµ)− g(ωi, ωj,∞; τµ)), (C11)
and shown in Figs. 17 and 18 as a function of x = ωνT . According to those figures,
g˜α,β(ωνe, T ; τµ) is sensitive to the absolute neutrino mass and mass hierarchy, and causes
the observable effects discussed in the text. The value of x is 0.0006 or 0.0007 for cT = 1
m, mν2 = 0.08 eV, and mν2 = 0.09 eV, and is 0.08 for cT = 100 m, mν2 = 0.08 eV, and
mν2 = 0.09 eV; g˜e,e(ωνe) and g˜µ,e(ωνe) are almost constant at cT < 100 m, but the magnitude
is sensitive to the absolute neutrino mass. Thus, there is a wide window where the absolute
neutrino mass can be measured by using the finite-size corrections. Furthermore, g˜µ,e(ωνe)
is considerably smaller than g˜e,e(ωνe), but does not vanish, and causes a new flavor changing
effect on the neutrino.
3. Large life-time and T
For ωT ≫ 1, the universal function Eq. (C8) behaves as
g˜(ω, T ; τ) ∝ 1
ωT
, ωτ ≈ 1 (C12)
g˜(ω, T ; τ) ∼ 2
ωT
, τ →∞. (C13)
4. Angle dependence of overlapping region T
For µ+DAR, the region where parent and daughters overlap is sensitive to the geometry
of the experiments, and the diffraction term depends on the angle between the beam axis
and the detector, even if the decay is spherically symmetric. Following Fig. 19, the angle
dependence region denoted as T in the text is written as
T =


2a
cos(π2−θ)
for 0 ≤ cos θ < b√
a2+b2
2b
cos θ
for b√
a2+b2
≤ cos θ,
(C14)
where θ is the angle between the beam axis and the detector, and a and b are the height and
length of the detector, respectively. The probability of the event detected at the detector is
averaged over the angle within the detector.
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FIG. 19. (Color online) Angle dependence of the overlapping region (red line) for µ+DAR. It
changes with the position and size of the detector.
5. σµ dependence
g for a finite σµ, which corresponds to µ
− DAR forming a bound state, is
g(ων, T ; τµ) =
∫ 0
−T
dt−
∫ T+ 1
2
t−
− 1
2
t−
dt+
|~vνe|t− sin(ωνet−)
~v 2νet
2− + 4|~pνe|2σ2νe
e
− (~vµ−~vνe)
2
σµ+σνe
(t+−T˜L)
2
e
− 2t+
τµ
+
∫ T
0
dt−
∫ T− 1
2
t−
1
2
t−
dt+
|~vνe |t− sin(ωνet−)
~v 2νet
2
− + 4|~pνe|2σ2νe
e
− (~vµ−~vνe )
2
σµ+σνe
(t+−T˜L)
2
e
− 2t+
τµ ,
t+ =
t1 + t2
2
, t− = t1 − t2.
For µ+DAR, µ+ expands within the beam stop, while σµ almost does not change with T .
Therefore, the σµ dependence can be included in the T -dependence. For µ
±DIF, σµ is
determined by the coherence lengths of the parent particles, and is estimated as 0.1–1 m [5].
Then it is good to approximate the muon by a plane wave.
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